A Note on “Impossible” Paper Folding

Thomas Hull

In [1] the authors draw the line between geometric constructions made with a
compass and straight edge and those made by folding a sheet of paper. They wrap
things up nicely with the following:

Corollary. Every thing that is constructible with origami is constructible with a
compass and straight edge, but the converse is not true.

Amazingly enough, and without contradicting the above corollary, we present a
paper folding method of trisecting an angle which was developed by Hisashi Abe in
the 1970s ([S]).
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Figure 1.

The proof of this method is a simple exercise in similar triangles. Note that
although we assume 6 to be acute, this method can be easily extended to obtuse
angles.

The reason that this method does not contradict the above Corollary is because
in [1] the authors define origami (i.e., paper folding) by five “origami axioms.”
These axioms were selected for their basic simplicity, but don’t encompass all
possible folding operations. Indeed, step 2 of the above trisection method uses a
fold not covered in their axioms. To include this method in [1]'s modeling of paper
folding, we would have to include another axiom:

vi) Given distinct points p, and p, and distinct nonparallel lines L, and L,,
there exists a fold that places p, onto L, and p, onto L,.

In trying to make an axiomatic model of geometric constructions via paper
folding, one might want to first look at what origamists have been able to do. In
the origami literature there are methods for angle trisection ([2], [7], [8]), doubling
cubes ([8], but also see [10]), and folding regular heptagons ([9], [11]), all done
using simple folding operations. However, determining the limits of origami
constructions is an open problem.
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“No modern schoolboy can appreciate the blessings which he
enjoys in the way of notation till he has seen something of the
difficulties with which his predecessors had to wrestle.”

M. Barwell (1913).

“In my opinion, a mathematician, in so far as he is a mathemati-
cian, need not preoccupy himself with philosophy—an opinion,
moreover, which has been expressed by many philosophers. mmmm”

H. Lebesgue, Scientific American, September, 1964, p. 129.
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